A NOTE ON TYPE I BLOW UP FORMATION FOR THE CRITICAL 

NLW. 



JOACHIM KRIEGER, WILLIE WONG 

Abstract. We prove development of type I singularities for a suitable concept 
of weak evolution in the context of the quintic focussing NLW on R 3+l , for data 
near and "above" the ground state static solution. 



1. Introduction 

We consider the critical focussing nonlinear wave equation on R 3+1 , given by 

uu := — u tt + Au = —u 5 , (LI) 
which has a (possibly negative) conserved energy 

,6 



E(u) := f (Uuj + \V x i 
Jr 3 1 



l2\ 



Udx. 



We restrict to radial solutions of the form u(t,x) = v{t, |x|). It is well-known and 
easy to show that this model admits finite time blow up solutions, and in fact one 
has the explicit ODE-type solutions 



U(t, X) = 



for any T e R. Assume now T > 0. By truncation to a backward (or forward) light 
cone and invocation of Huygens' principle, one can modify these to solutions for 
which the free energy, defined as 



£free(")W := f [^(u? + |V. vM | 2 )] dx , 

Jr 3 2 



is finite for times t before the blow up time T. Indeed, one may consider data 
u[0] = (m(0,-),m ( (0,-)) with 

(2)1 

"(0. •) = X\x\<3T > U t {0, •) = X\x\<3T — 
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where the cutoff functional jc i<3r||;d<27' = 1 an d smoothly truncates to the region 
\x\ < 3T. Observe that these solutions satisfy 

limSUp£'free(j<)(f) = +00, 
t/T 

i.e. these solutions are of type I. By contrast one also defines a singular solution to 
be of type II, provided as we approach the maximum forward time of existence T 

limsup£ , f ree («)(f) < +00. 

t/T 

Recent works by Duyckaerts-Kenig-Merle (3H6l have provided a complete clas- 
sification near the blow-up time of type II solutions for (11.11 ), while existence of 
solutions of this type was established in lITTi and HI. Here, we would like to 
discuss the formation of type I blow up. To the best of the authors' knowledge, 
previously demonstrated type I blow up mechanisms all derive in principle from u t 
having a sign pointwise. In addition to the explicit ODE solutions (and perturba- 
tions thereof as in 0), Duyckaerts-Kenig-Merle showed in [5 ] that monotonicity 
in time of a radial solution close to the blow up time implies type I blow up, which 
they then used to show that the W + solution of as well as solutions given by 
initial data u[0] = (cW, 0) with c > 1 all evolve into type I blow ups. 

In a recent work [10], the study of all possible dynamics which result as per- 
turbations of the static solution W(x) = [\ + ^-J 2 was begun. Note that these 
static solutions are a special feature of the energy critical case. Also, crucially for 
the analysis of [ 10 ], the perturbations are close to W with respect to a norm strictly 
stronger than the energy. It was then shown in [10] that there exists a co-dimension 
one Lipschitz manifold S passing through W such that within a sufficiently close 
neighborhood to W, data 'above' S result in finite time blow up while data 'below' 
S scatter to zero, all in forward time. Further, data precisely located on S lead so 
solutions in forward time scattering toward a re-scaling of W. 

In this note, we would like to study the finite-time blow up solutions correspond- 
ing to data slightly above S. Conjecturally, a generic set within these solutions 
ought to correspond to type I blow up solutions. At this time we cannot show this. 
Instead, our goal here is to introduce a suitable concept of canonical weak solution 
and show that such solutions will result eventually, in finite time, in a type I blow 
up scenario. This will be seen to directly result from a combination of the recent 
breakthrough characterization of type II blow up solutions by Duyckaerts-Kenig- 
Merle [6] with the techniques developed in |9). 

2. A CANONICAL CONCEPT OF WEAK EVOLUTION 

Let u(t, x) be a (radial) Shatah-Struwe energy class solution (see e.g. lfT3l . ||8ll ) 
of (ll.ll ). existing on an interval / = [0, T), T > 0. Also, assume that / is a maximal 
such interval. If T < oo, then the solution either has a type I singularity at T, or 
else a type II singularity. Assume the latter situation. According to the seminal 
work [6], the solution admits a decomposition (writing W^jc) = A^W(Ax) for the 
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H l invariant scaling) 

N 

+ ■)+»#(!). K i e {±1}. 

(=1 

w,(r, •) = wi, ( (f,-) +o t 2(l) 



(r - « V) « ^0) « . . . « ^v(f) 

and •) is an energy class solution of (11.11 ) in a neighborhood around time 
t = T. One easily verifies that this u\{t, ■) is indeed uniquely determined by m and 
r. It is then natural, assuming that there is a type II singularity at time t = T, to 
continue the evolution past time T by imposing data 

= («(7\-),H,(r,.)) := (Bi(r,-),«v(r,-)) 

and then using the Shatah-Struwe evolution of u[T] starting from time T =: T\. 
Then there exists T2 e (Jf, +00] , such that if T2 < go, there is either a type I or type 
II singularity at T%, and then in the latter case again the Duyckaerts-Kenig-Merle 
profile decomposition applies at time t = T2, allowing us to write 

N 2 

u(t,-) = X>! 2) W>(o(-) + U2{U-)+o Hl {\), t / T 2 , 
1=1 

where 112 is now a solution of (11.11 ) in a neighborhood containing t = T2. In this 
way, we obtain a sequence of times 

T\ <T 2 <T 3 < T t e (0, +00] 

with the following possibilities: (i) the sequence is finite, and the last ^terminal '■= 
Tn = +00, with all previous Tj being type II blow up times; (ii) the sequence 
is finite, and the last r term inai '■= < 00 being the first type I blow up time in 
the evolution; (iii) the sequence is infinite and we define T term i na \ := lim^oo T, e 
(0,co]. Note that that except in case (ii) we have no a priori knowledge as to 
whether the solution blows up at ^terminal - 

We now define the canonical evolution of the data u[0] on [0, r term inai) to be the 
function u{t, ■) given by u{t,-) on [0, T{), by u\{t, ■) on \T\, T2) etc. 

On the other hand, we define u{t,x) e L°°([0, 7* ),H 1 ) n W 1>oo ([0, r*),L 2 ) to 
be a weak solution of d 1 - lb - provided for every </>e q°((-co,T m ) x R 3 ), we have 

f u t (0, -)0(O, -)dx + f f (u t (f>, - V x u ■ V x <p) dxdt 
Jr 3 Jo Jr 3 

= - f * f u 5 (f>dxdt. (2.1) 
Jo Jr 3 



The notation a(t) « b{t) here means \im,y T = +00. 



u(t, ■) 

as t / T, withQ 
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Note that our concept of canonical weak evolution is in fact more regular than 

L QO ([0,r*),H 1 ) nW 1 ' QO ([0,r*),L 2 ), since 



In particular, for the canonical evolution u is right-continuous at time 0, that is 

V\o' 



lim ? \ o u(t, ■) = m(0, •) with respect to H . Then 



Lemma 2.1. Let u(t, •) be the canonical evolution o/m[0] e H l x L , defined on 
[0, T terminal)- Then u is a weak solution of (11.11 ) in the above sense with = 

T terminal- 

Proof. Let e CS°((— oo, ^terminal ) x ^ 3 )- Then recalling the construction of u, 
there exist finitely many T,-, i = 1,2, . . . ,k, To := 0, with T, e 7r ; (supp(0)) with 
7r f : R 3+1 — > R the projection onto the time coordinate. Then we have 5|[r,-,r j+ i) = 
ill, uo = u being the evolution of the data u[0]. Now for each i, pick a function 
X £ CS°([7 T ;, wither,) = 1; then integrating by parts the Shatah-Strawe 
energy class solution w, we have 

f u it (T i ,-)<f>(T i ,-)dx+ f + f (M il /C*r^) t -v Jt M / .v je Okr0))dxdf 

Jr 3 Jr, Jr 3 

= - f f u]x$dxdt (2.2) 
Jr,- Jr 3 

Pick a sequence g C^°([7 T ! -, r,- + i)) with^-^ —> ,^[r,-,r, + i) pointwise and locally 
uniformly and such that 

lim f T,+1 (x®y(t)f(t)dt = -m +1 ) 

JO 



for / e C°([r,-, Since we can write (as t / Ti + \ and where icr e { + 1}) 

Ni 

Uj(t,-) — > 2jK\ W a (q,J-) + u i+ i(t,-), u itt —ni i+ i tt (Ti + i,-), 
k=i k 

we infer 

lim f ' +1 f {uijixMfit-VxUi-VxixM^dxdt 
hi Jr 3 

= | I (uij<f>,- V x u r V x (<f>))dxdt- I M ;+ i ir (r ;+ i,-)^(r ;+ i,-)dx 
Jr,- Jr 3 Jr 3 



and so we obtain 

-Zi+, r r r, 



f f - V^w; • Vjc(0)) dxdf + f f u^cpdxdt 

Jr,- Jr 3 Jr,- Jr 3 

Mi + i,,(r i+ i,-)0(7 , i+ i,-)dic- ((r,-, -^(r,-, •) dx . (2.3) 

Jr 3 Jr 3 
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Summation of the relations (12.31 ) over i = 1, 2, . . . ,k, we find the relation 

f r7*teiminal f 

M;(O,-)0(O, ■)</*+ (u t (f>, -V x u -V x <p) dxdt 

Jr 3 Jo Jr 3 ^ 4) 

proving the lemma. □ 
3. Formation of type I singularities 



J. terminal P 
o Jr : 



Observe that the solutions constructed in ifTTI . when time-translated to com- 
mence at t = 0, satisfy T\ > 0, T2 = +oo, in the notation of the preceding section. 
In this paper we seek to address whether there exist generic sets of solutions which 
satisfy r term j na i < +oo. (Recall that by definition, if T term i na i < +co, then it is ei- 
ther (1) the supremum of an infinite sequence of bounded type II blow-up times or 
(2) the first type I blow-up time after at most a finite number of type II blow-ups.) 
We have 

Theorem 3.1. Let u{t, •) be one of the blow up solutions constructed in MOV , cor- 
responding to data slightly above S, the latter also as in MOH . Then the canonical 
weak extension of this solution in the sense of the preceding section will satisfy 
Tterminai < + G0 - Furthermore, the canonical weak solutions satisfy 

limsup Ef ree (u)(t) = +co . (3.1) 

nn ilia! 

Proof. We first observe that in either scenario (1) or (2), the "type I" condition 
(13.11) is necessarily satisfied. This is immediate for scenario (2), while we have 
(using the notation from the preceding section) from conservation of energy and 
the asymptotic separation of the profiles $ (?) that 

E( Ui ) =Ni-E(W) + E{u i+l ) , Ni>l 
since the soliton energy is scale invariant. We evaluate 

E(W) = \ f |VW| 2 dx > 
3 Jr 3 

and so lim^oo E{ui) = — oo, which from Sobolev's embedding implies 

lim || V ; x Uj(Ti, ■) || L 2 = +oo . 

I— »0Q ' * 

It remains to rule out the possibility that r term i na i = +oo. From the definition 
this requires either 7* = +oo for some finite k, or limbec T ( = +oo for an infinite 
sequence of type II blow-up times T,. The former case is straightforward to rule 
out for k > 3: note that this corresponds to 

Kjfc-l [Tk-l] 

admitting a global in forward time Shatah-Struwe type solution. However, observe 
that 

E(u 2 ) < E(u) - 2E(W) < -E(W) +s<0 
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for initial data given in a small neighborhood of S. It then follows that 

E(u k -{) < -J(W) +s<0,k^3, (3.2) 

on account of E(uj + i) < E{uj), j = 1,2, But then the classical argument of 

Levine |[T2l (or also the argument below, based on that of Levine) predicts the onset 
of finite-time singularities for solutions associated with data Wjt-i[7fc_i], giving a 
contradiction. 

To prove the theorem, it thus suffices to prove that we cannot have a weak so- 
lution with either Tj = +00, or else infinitely many concentration times T, and 
lim,_ >00 Ti = +00. To achieve this, we exploit the virial type functional used in 191 : 
Thus for some large t > to be fixed later, and a cutoff^ e CS°([0, 00)) with 
X\[0,i] = 1, we set 

w(t,x) =x(y^)> y(?) ■= (w(t,-)u{t,-),u(t,-)), 

Here the spatial L 2 pairing (•, •) is well-defined as long as u e H l , due to Sobolev's 
embedding and the cutoff. This is definitely the case on each interval Ij := (r,-_i , Ti) 
In fact, from J9J, we have that y(t),y(t),y(t) are continuous functions on each open 
interval Ij. Now let u be a weak solution as above with Tterminai = +00. 

Lemma 3.2. The functions y{t),y{t), and y\t) extend continuously to K.+. 

Proof. Recall first the representation for u from its definition 

Ni 



U(t, ■ 



. (') 



H 



0. 



(3.3) 



u t (t, ■) - u i+ ij(T i+1 , ■) — - — > 



Now observe that with a finite radius cutoff 

f , f R Ar 2 \2nR 
W] dx = 4n \ t-t— dr ^ 

J\x\<r A Jo l + ^ 2 rV3 A 

This implies that for each at we have 



and hence 

lim (wu,u) = (wu i+u u i+l )\ t = Ti+l 

showing the continuity of y{t). 

For the derivatives, we follow the computations in [9]. In particular, observe 
that 

y{t) = (wu + 2wu,u) 
provided t e [r,,r, + i). Now, the same argument as above shows that using the 
uniformly bounded support of w and w near T !+ 1 , 

lim (wu,u) = (wu i+ i,Ui +1 )\ t= T i+i ■ 
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Together with the L 2 convergence of wu — » w;+i(r ; - + i) and u — > M, + i ,(r, + i) as 
i / T i+ \ we get 

lim y(f) = {wu i+ \{T i+ i,-) + 2wu i+lJ (T i+l , ■), u i+l (T i+l , •)> . 

Since w|rr i+1 ,j' i+2 ) = the continuity of across t = r !+ i is evident. Next, 
consider y\t), which according to [9] is given by the expression 

y\t) = (2w, h 2 -\Vu\ 2 + U 6 ) + (wu, u) + {Awu, u)-2(uVw, VS>, t e 7 ;+ i . (3.4) 

The continuity of the middle two terms at times r,- + 1 is obtained exactly as shown 
previously. For the last term, in addition to the representation formulae (13.31 1 above 
we use also the fact that the derivative Vw has compact spatial support uniformly 

(near t = Ti + \) away from the origin and so kills the contributions from VW (o (t). 

* 

We examine the remaining term. The convergence in L 2 of u to as t / r i+ i 
implies 

lim (2w(t, ■), 'u 2 {t, •)> = <2w, u 2 +l t (T i+u ■)> . 

The expressions (2w, |VS| 2 ) and (2w, w 6 ) must be taken together as they do not 
individually extend continuously across Tj + \ . Their difference, however, does. In- 
deed, it is straightforward to check that 

Ni 

lim <2w, | Vht | 2 - hf) = 0, hi(t, ■) := J] 4° ^V' m 

where we exploit of course the fact that is the ground state, i.e. AW + W 5 = 0, 
as well as the fact that the solitons separate in scale, i.e. A^_ l « X± . It follows that 

lim <2w, -|VS| 2 + u 6 ) = (2w, -|Vm ;+ i| 2 + u^ +1 )\ t=T . +1 . 

The fact that y{t) extends continuously across T i+ \ follows easily. □ 

We now continue with the proof of Theorem 13.11 following the method of |5). 
The functional 

y(t) =(w(t)u(t,-), u(t,-)) 

extends as a twice continuously differentiable function to [0, go). We argue through 
the convexity properties of y(t). As in [9], observe that 

y(t) = 2(4||S|| 2 2 + 4||VS|| 2 2 - 6E(u)) + 0(E ext ) (3.5) 

where we write 

£ext(0 := f (H 2 + |V«| 2 ) dx < £ ext (0) 

J\x\>t+T 

via a continuity argument and Huygens' principle as in [9 |. By picking the initial 
cutoff t > sufficiently large, we can force E ext (0) « 1 as small as we want. Fix 
< £* « E(W). 

First we consider the case that more than 1 soliton has 'bubbled off'. This would 
be any t e [T2, 00) for a finite T2 time, or for any f £ [T\, 00) when more than 1 
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soliton appeared at time T\ . Then by taking e sufficiently small in the initial data, 
the energy bound (13.21 ) implies E{u){t) < — jE(W) and so (13.51 ) implies 

y(t) > 8||S||* 2 + e* (3.6) 

provided t is chosen sufficiently large. 

Next we consider the case that exactly 1 soliton has come off at T\ . That is, we 
can write 

u{t,-) * KW A{t) + ui(t,-) ,i<e { + 1}, te [0,Ti) . 
For t e [T\, T 2 ), the energy satisfies 

f 1 1 

E(u)(t) = (-{ii t ) 2 + |Vw| 2 ) - -u 6 ) dx<s, 
Jr3 2 6 

and by using Sobolev's inequality we get that for some constant C* > 

-\\Vuf L2 - C4Vuf L2 < £ 

which implies that if the constant e (which we recall measures how much above 
the manifold S sits our initial data in energy space) is chosen sufficiently small, by 
continuity we must have that throughout t e [T\, T2), either 

or 

||Vw|| L 2 > 1 . 

The first case would necessarily require a bound 

||S;||z,2 ^ \/£ 

which implies that 

||v^i(ri, -)\\ L 2 < ye 

which contradicts the ejection lemma from [9 ] at times shortly before T\. It follows 
that 

l|V«(v)b ^ 1> te [Ti,T 2 ) . 
Looking at (13.51) again we see that if e* is chosen sufficiently small and t suffi- 
ciently large, and if s is also sufficiently small, the expression (13.61 ) would also 
apply in [T U T 2 ). 

Now note that (13.61) establishes a lower bound on y in [T\, 00), which implies 
that after some large finite time y > and y > yo is bounded below. Hence if one 
remarks just as in [9 | that by Cauchy-Schwartz 

\y(t)\ = 2(wh,u) + 0(E ext ) ^ 2 Vy||S||f 2 2 + 0{E ext ) 
we have that at all sufficiently late times past Ti we can upgrade ( 13.61 ) to 

3 v 2 1 

m > 27 + • (3 - 7) 

From this inequality, however, we can apply the exact same argument as in ll9l : 
(13.71) implies that ^y 1 < at all t > T\ sufficiently large; that y,y > implies 
that j- t y~^ < at all t > T[ sufficiently large. Together the concavity implies y(t) 
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must blow up in finite time, ruling out the possibility r te rminai = +°o and proving 
Theorem 13. II □ 
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